Abstract. The notion of a pseudoknot is defined as an equivalence class of knot diagrams that may be missing some crossing information. We provide here a topological invariant schema for pseudoknots and their relatives, 4-valent rigid vertex spatial graphs and singular knots, that is obtained by replacing unknown crossings or vertices by rational tangles.
Introduction
Pseudoknots and pseudolinks are knots and links about which we have incomplete information. This incompleteness is expressed in diagrams by the appearance of precrossings that have no over or under designation. In [6] , pseudoknots are defined as equivalence classes of knot or link diagrams (called pseudodiagrams in [5] ) where some crossing information may be missing. We picture the precrossings that lack definitive over/under information, as undecorated self-intersections. These unknown crossings can be involved In terms of their behavior, pseudoknots act like 4-valent rigid vertex spatial graphs (as in [10] ) or singular knots (as in [13] ). The one important difference between pseduoknots and these other objects is entirely characterized by the PR1 move. The PR1 move allows us to eliminate a single unknown crossing at a curl. The reason this move is reasonable for pseudoknots is that, regardless of whether we replace the precrossing with a positive or negative classical crossing, it can be removed with an R1 move. On the other hand, vertices or singularities are not removable in rigid vertex spatial graphs or singular knots.
While several new pseduoknot invariants have been introduced [2, 3, 6, 7] , we introduce a schema for a large collection of new invariants. These invariants of pseudoknots, defined by replacing precrossings with tangles, can be adapted to serve as invariants for 4-valent rigid vertex spatial graphs and singular knots as well.
Tangle Insertion Invariants
In [13] , Vassiliev showed how to extend an invariant I of links to the class of singular links. He did so by defining the derivative of an invariant as follows:
The derivative of an invariant is an invariant of singular links with a single doublepoint. In general the nth derivative, defined recursively as follows, is an invariant of a singular link with n double-points. Note that when n = 1, I
(n) is the first derivative I , and I (n−1) = I.
This idea of extending invariants by taking linear combinations of invariant values for diagrams that are related by tangle replacements can be generalized (see [9] ). For instance, we could define I recursively as follows.
I( ) = aI( ) + bI( ) + cI( ) If we are careful about which invariants I we use and how we choose our coefficients a, b, and c, this equation can be used to define an invariant of singular links, rigid vertex spatial graphs, or pseudoknots and links. Note that any choice of coefficients that yields an invariant of singular links is also an invariant of pseudoknots if it satisfies the following additional relation.
I ( ) = I ( )
In general, suppose I is a polynomial or integer, real, or complex-valued invariant of knots and links that behaves nicely under and connected sum. In particular, suppose I obeys the following property.
Here, K and L denote arbitrary pseudoknot or link diagrams, and # indicates a connected sum. We observe that the Jones and Alexander polynomials satisfy this property, among other commonly used invariants.
Once a suitable link invariant has been chosen, we choose a set of oriented, rational (2,2)-tangles, T = {t 1 , t 2 , ..., t n }. Recall that, since each t ∈ T is a rational tangle, t satisfies the symmetries shown in Figure 2 , by the Flip Theorem for rational tangles [4, 11, 12] . Some examples of oriented rational tangles are shown in Figure 3 .
Vertical Flip
Horizontal Flip Now that we have our desired link invariant and set of tangles, we define I(P ) recursively as follows for an oriented pseudodiagram P c containing precrossing c.
In this definition, P c=t i denotes the pseudodiagram where tangle t i is inserted at precrossing c (respecting the orientations of the tangles and the pseudodiagram), and the symbol A i is a variable. If a given pseudodiagram P contains no precrossings, we define I(P ) = I(P ).
The restrictions on our allowable invariants and tangles guarantee that I is an invariant of singular links and 4-valent rigid vertex spatial graphs. To guarantee invariance under all pseudo-Reidemeister moves, we need to further impose a relation among our coefficients.
We take I(P ) modulo a linear combination of the values of the link invariant of the denominator closures of each of our tangles to ensure that I(P ) is invariant under PR1, and hence, is an invariant of oriented pseudoknots and links. Note that we are implicitly assuming that the value of our chosen invariant is nonzero on the denominator closure of at least one of our tangles t i ∈ T .
To gain an understanding of why each of the restrictions imposed above is necessary, let us prove that I(P ) is an invariant of oriented pseudolinks. We begin by acknowledging that, since I is a link invariant, invariance of I for classical Reidemeister moves is immediate. PR1 invariance is shown in Figure 4 . Line 1 follows from the definition of I, line 2 follows from our required connected sum property of the link invariant I (which ensures that I behaves similarly under connected sum), line 3 is an algebraic distribution, and line 4 is a consequence of the relation Finally, PR3 invariance is straightforward. Figure 6 illustrates how I is invariant under PR3 since a strand that lies entirely above or entirely below a tangle can be moved freely past the tangle. This completes our proof that I is an invariant of pseudoknots. Note that we also proved that I is a singular link and 4-valent rigid vertex spatial graph invariant.
Remark. This tangle insertion method can be generalized beyond rational tangle insertion by asking that the tangles satisfy the symmetries shown in Figure 2 . We shall take up this aspect of the construction in another paper.
One obvious question to ask now that we have created a schema for creating pseudoknot invariants is: how does this schema relate to known pseudoknot invariants? One of the simplest, yet most powerful invariants of pseudoknots is the weighted resolution set, or were-set, introduced in [6] . The were-set of a pseudodiagram is the set S of pairs p 2 ) , ..., (K n , p n )} of knot types K i that can be realized by some choice of crossing information for the diagram's precrossings. The number p i is the probability that knot K i will be produced if crossing information is randomly chosen, where positive and negative crossings are both equally likely. It was proven that the were-set is indeed a pseudoknot invariant. How does this invariant relate to our schema?
First, we notice that choosing crossing information for a precrossing is equivalent to inserting a basic +1 or -1 rational tangle (i.e. tangles (a) and (b) in Figure 3 ), so let our tangle set T consist of these two tangles. Next, let I be a knot invariant such that I(U ) = 1 if U is the unknot (such as the Jones polynomial or the Alexander polynomial). Then choosing the coefficients
will satisfy the relation n i=1 A i I(D(t i )) = 1, since this amounts to
so an invariant I is determined by our ingredients, following the recipe above. The invariant we have just created with our schema is equivalent to the following composition of the were-set with I.
Note that, if we make a different coefficient choice, we no longer recover the wereset. For instance, making the choice A 1 = would correspond to a distinct variant of the were-set where positive crossings are chosen with probability 3 4 and negative crossings are chosen with probability 
Examples
Let us return to our original motivation for tangle insertion invariants: the derivative of an invariant. In our new framework, the tangles t 1 , t 2 ∈ T that are used to define the derivative are tangles (a) and (b) in Figure 3 , respectively. Their denominator closures are both the unknot, U . The coefficient A 1 is 1 and A 2 = −1. Notice, then, that our imposed relation n i=1 A i I(D(t i )) = 1 states that I(U ) − I(U ) = 1. But clearly I(U ) − I(U ) = 0. So, oddly enough, our original motivating example is not an instance of our scheme after all. This is one of the reasons why the generalization is so valuable. It allows for the creation of many new invariants of pseudoknots just as our old singular knot invariants fail to be useful.
Instead, let us consider the other example we mentioned above, namely:
Here, we take tangles (a), (b), and (c) from Figure 3 to form the tangle set T , and we don't yet specify values for our coefficients.
Suppose we choose our link invariant I to be the Jones polynomial, J(L). We will compute J(L) using the bracket polynomial, < L >, via the relation
where w(L) is the writhe of the link L as in [8] , and A is a variable. Then any choice for a, b, and c satisfying a + b + δc = 1 will do, where δ = −A 2 − A −2 is the polynomial such that I(K U ) = δI(K). In particular, we could choose a = b = 0 and c = 1 −A 2 −A −2 . Note that this choice is equivalent to simply starting with the singleton tangle set consisting of the 0-tangle, (c). Let us apply this invariant to a pseudo-trefoil and its mirror image, shown in Figure 7 . When we insert tangle (c) into both pseudodiagrams, we get the links shown in Figure 8 . 
while the Jones polynomial of L2a1{0} is
Thus, the two pseudoknots shown in Figure 7 are distinct, since their I values are ( Another interesting pair of examples, pictured in Figure 9 , is derived from the famous Perko pair, pictured in Figure 10 . Let us use the Alexander polynomial and take our tangle set T to be the set consisting of tangles (a) and (b). If we insert tangle (b) at both precrossings in both diagrams, we recover the Perko pair itself, which were shown by Perko to be equivalent. On the other hand, the knot 7 3 is obtained by inserting tangle (a) at one precrossing and tangle (b) at the other precrossing (regardless of the order of insertion) in both diagrams. Finally, if tangle (a) is inserted at both precrossings in both diagrams as in Figure 11 , the two resulting knots are distinct. One knot is determined by the Alexander polynomial to be the knot 10 148 , while the other is knot 10 160 . Hence, the invariant I derived from the Alexander polynomial and tangle set T (where, say,
) can distinguish these two pseudoknots.
Remark. Notice that, because our pseudoknot invariant was defined using the Alexander polynomial and tangles (a) and (b) with the coefficient choice
, the were-set together with the Alexander polynomial can alternatively be used to distinguish the Perko pseudoknots.
In our next example, we consider the pseudodiagram related to the Borromean rings pictured in Figure 12 (on the left) . Here, we use the tangle insertion invariant I that is defined using the Jones polynomial (computed via the bracket, with variable A) and take Figure 11 . Inserting tangle (a) into the precrossings in Figure 9 .
our tangle set to be the singleton set containing the tangle (c). As shown in Figure 12 , inserting the tangle (c) produces the Whitehead link. Since this link has Jones polynomial
I can be used to prove that the original Borromean pseudoknot is nontrivial. Note that, if we had used a linking number invariant rather than the Jones polynomial to define our pseudoknot invariant, we would not have been able to detect the nontriviality of this example since the linking number of the Whitehead link is 0. These are just a few examples to illustrate how invariants of pseudoknots can be derived from classical link invariants and tangle sets. We intend to consider many more examples in future work.
Questions & Future Work
Given this framework for developing pseudoknot invariants, there are many questions that have yet to be be explored. We provide the reader with an initial list of open questions.
(1) Are there examples of pseudoknot pairs that can only be distinguished using a tangle set T that contains more complex tangles than the basic tangles (a), (b), and (c) in Figure 3 ? For instance, can tangles (d), (e), or (f) be used to construct more powerful pseudoknot invariants? (2) Given two arbitrary distinct pseudoknots K 1 and K 2 , does there exist a classical link invariant I and tangle set T such that the corresponding pseudoknot invariant I distinguishes K 1 and K 2 ?
(3) Can our invariant schema be generalized to include invariants of other sorts, e.g. the matrix of linking numbers? (This can be done for the case of a single precrossing.) (4) Is there a relationship between the Gauss-diagrammatic pseudoknot invariants defined in [2] and the invariant schema presented here? (5) Can we determine if a given reduced pseudodiagram has the fewest number of precrossings among all equivalent diagrams? Specifically, can our tangle insertion invariants be used for this purpose?
